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Abstract. An unorthodox unified theory is developed to describe external and internal
attributes and symmetries of fundamental fermions, quarks and leptons. Basic ingredients of
the theory are an algebra which consists of all the triple-direct-products of Dirac γ-matrices
and a triple-spinor-field, called a triplet field, defined on the algebra. The algebra possesses
three commutative subalgebras which describe, respectively, the external spacetime symmetry,
the family structure and the internal color symmetry of quarks and leptons. The triplet field
includes threefold (fourfold) repetitional modes of spin 1
2
component fields with SU(3) (SU(4))
color symmetry. It is possible to qualify the Yukawa interaction and to make a new interpretation
of its coupling constants naturally in an intrinsic mechanism of the triplet field formalism. The
Dirac mass matrices with quasi-democratic structure are derived as an illustration.
1. Introduction
In the orthodox way of unification, such as the standard model and the grand unified theories,
fundamental fermions belonging individually to the irreducible representations of the external
Lorentz group are organized into definite multiplets of the internal symmetry group. Here, we
propose an unorthodox scheme of unification where a family of fundamental fermions is described
by a master spinor field obeying to a generalized Dirac equation with coefficients belonging to
an algebra, called a triplet algebra, which consists of all the triple-direct-products of the Dirac
matrices. In accordance with the Coleman-Mandula theorem [1, 2] insisting that “spacetime
and internal symmetries cannot be combined in any but a trivial way”, we decompose the
triplet algebra into mutually-commutative subalgebras. The subalgebra related with internal
property of fundamental fermions, quarks and leptons, is made up of two subalgebras which can
be related, respectively, to repetitional family structure and color symmetry. The master spinor
field, named a triplet field, is proved to include threefold (fourfold) repetitional modes of spin 12
component fields with SU(3) (SU(4)) color symmetry.
We construct explicitly the triplet algebra and its subalgebra for the external spacetime
symmetry in §2 and define the triplet field forming a multiple representation of the Lorentz group
in §3. Characteristic of the subalgebra for internal properties of fundamental fermions is closely
examined in §4 and §5. First, chirality operators acting on the triplet field are decomposed
further into the sums of the projection operators which can be interpreted to discriminate
repetitional degrees of freedom for family structure. Second, we find the algebra for color
symmetry in the set of the elements which are commutative both with the chirality operators
and all elements of the algebra for external symmetry. In the present scheme, the triplet field
has no degrees of freedom for the symmetry of electroweak interaction. In §6, we reformulate
the standard model by introducing the set of chiral triplet fields for the left-handed doublet and
the right-handed singlets of the Weinberg-Salam symmetry. It turns out possible to qualify the
Yukawa interaction and make a new interpretation on the Yukawa coupling constants naturally
in an intrinsic mechanism of the triplet field formalism. As an explicit illustration, the Dirac
mass matrices with quasi-democratic structure are derived. Possible applications of the present
scheme to the systems of fundamental fermions with different attributes and symmetries are
discussed in §7.
2. Triplet algebra and subalgebra for external Lorentz symmetry
The Dirac’s γ-matrices γµ (µ = 0, 1, 2, 3) satisfying the Clifford anticommutation relations
γµγν + γνγµ = 2ηµν1 with ( ηµν ) = diagonal (1,−1,−1,−1) are introduced solely as the
mathematical quantities which carry no direct physical meaning. Hermite conjugate of γµ is
defined by γ†µ = γ0γµγ0. The γ-matrices generate the 16 dimensional manifold, named a Dirac
algebra, as
Aγ = 〈γµ〉 = {1, γµ, σµν , γ5γµ, γ5} (1)
where σµν =
i
2(γµγν − γνγµ) and γ5 = iγ0γ1γ2γ3 = γ
5.
Let us call the triple-direct-product of the bases 1, γµ, σµν , γ5γµ and γ5 a primitive triplet and
the triple-direct-product of arbitrary elements of Aγ a triplet. Then, we define the triplet algebra
AT as the 16
3 dimensional manifold spanned by all the linear combinations of triplets. In other
words, the triplet algebra AT is generated in terms of the 12 primitive triplets γµ⊗1⊗1, 1⊗γµ⊗1
and 1⊗ 1⊗ γµ as follows:
AT = 〈γµ ⊗ 1⊗ 1, 1⊗ γµ ⊗ 1, 1⊗ 1⊗ γµ〉. (2)
The primitive triplets A1 ⊗B1 ⊗ C1 and A2 ⊗B2 ⊗ C2 obey the multiplication rule
(A1 ⊗B1 ⊗C1)(A2 ⊗B2 ⊗ C2) = A1A2 ⊗B1B2 ⊗ C1C2 (3)
and the triplets satisfy the distribution law
(∑
i
aiAi
)
⊗

∑
j
bjBj

⊗
(∑
k
ckCk
)
=
∑
ijk
aibjckAi ⊗Bj ⊗Ck (4)
where A′s, B′s and C ′s are the bases of Aγ in (1), and a′s, b′s and c′s are complex numbers.
The transpose (Hermite conjugate) of the primitive triplet is defined by the triple-direct-product
of its transposed (Hermite conjugate) components of Aγ as
(A⊗B ⊗ C)T = AT ⊗BT ⊗ CT , (A⊗B ⊗ C)† = A† ⊗B† ⊗ C† (5)
and the trace of the triplet is set to be
Tr (A⊗B ⊗ C) = Tr (A) Tr (B)Tr (C) . (6)
The triplet algebra AT is large enough to form a variety of realizations of the Lorentz group
representation. To obtain such kind of multiple spinor representation that describes exclusively
the spin 12 states, we note that the primitive triplets
Γµ = γµ ⊗ γµ ⊗ γµ (µ = 0, 1, 2, 3) (7)
satisfy the Clifford relations [3]
ΓµΓν + ΓνΓµ = 2ηµνI (8)
where I = 1⊗ 1⊗ 1. Hermite conjugate of Γµ is defined by
Γ†µ = Γ0ΓµΓ0 (9)
and the traces are calculated to be
Tr Γµ = 0, Tr (ΓµΓν) = 64ηµν . (10)
With these new elements, we are now able to construct a subalgebra of AT being isomorphic to
the Dirac algebra Aγ as follows:
AΓ = 〈Γµ〉 = {1, Γµ, Σµν , Γ5Γµ, Γ5} (11)
where
Σµν =
i
2
(ΓµΓν − ΓνΓµ) = −σµν ⊗ σµν ⊗ σµν (12)
and
Γ5 = iΓ0Γ1Γ2Γ3 = Γ
5 = −γ5 ⊗ γ5 ⊗ γ5. (13)
The set of elements which are commutative with the subalgebra AΓ, i.e.,
CΓ = C(AΓ : AT ) = {X ∈ AT : [X, Γµ ] = 0 } (14)
forms a subalgebra of AT , called a centralizer of AΓ in AT . The primitive triplet in CΓ is proved
to have even numbers of components γµ-matrices for all µ [3]. Therefore, the composition of CΓ
is determined to be
CΓ = 〈 1⊗ γµ ⊗ γµ, γµ ⊗ 1⊗ γµ 〉. (15)
The triplet algebra has a non-intersecting decomposition AΓ ∪ CΓ = AT .
Note that all of the antisymmetric operators Σµν form a subalgebra
AΣ =
{
Σµν
}
⊂ AΓ ⊂ AT . (16)
We identify this subalgebra AΣ with the external algebra which generates the Lorentz group in
our spacetime. It is readily proved that the operators
Mµν =
1
2
Σµν (17)
are subject to the commutation relations of the Lie algebra for the orthogonal group O(1, 3) as
[Mκλ, Mµν ] = −iηκµMλν + iηκνMλµ − iηλνMκµ + iηλµMκν (18)
and Mµν and Γλ satisfy the relations
[Mµν , Γλ] = iηλνΓµ − iηλµΓν . (19)
Accordingly, it is possible to postulate that the operators Mµν generate the Lorentz
transformations and that the subscripts of operators consisting of Γµ refer directly to the
superscripts of the spacetime coordinates {xµ } of the 4 dimensional world where we exist as
observers. Therefore, it is natural to define the raising and lowering operations of index of Γµ
by the metric ηµν as follows:
Γµ = ηµνΓν , Γµ = ηµνΓ
ν . (20)
As is evident from the construction so far, the component γ-matrices carry no direct physical
meaning and regarded as playing only the role of alphabets. It is the elements of the triplet
algebra AT that play the role of codons carrying the direct physical meanings.
3. Multiple spinor representation of the Lorentz group
At this stage, we are allowed to introduce the triplet field, Ψ(x), on the spacetime point xµ,
which spans a 43 dimensional vector space for multiple spinor representations of the Lorentz
group. The triplet field is proved to possess 42 component fields with spin 12 carrying different
internal attributes. For the triplet field Ψ(x) and its adjoint field
Ψ(x) = Ψ†(x)Γ0, (21)
the scalar product is defined as
Ψ(x)Ψ(x) =
∑
abc
Ψabc(x)Ψabc(x). (22)
Under the proper Lorentz transformation x′µ = Ωµνxν where ΩλµΩλν = ηµν and detΩ = 1, the
triplet field and its adjoint are presumed to transform as
Ψ′(x′) = S(Ω)Ψ(x), Ψ′(x′) = Ψ(x)S−1(Ω) (23)
where the transformation matrix S(Ω) belongs to the external algebra AΣ. For the bilinear
form Ψ(x)ΓµΨ(x) to behave as the vector under the Lorentz transformation, S(Ω) must satisfy
the conditions
S−1(Ω)ΓµS(Ω) = ΩµνΓν , S−1(Ω) = Γ0S†(Ω)Γ0 (24)
which determine its explicit form to be
S(Ω) = exp
(
−
i
2
Mµνω
µν
)
(25)
for the spacetime rotations with angles ωµν in the µ-ν planes. For the discrete spacetime
transformations such as the space inversion, the time reversal and the charge conjugation, the
present scheme retains exactly the same structure as the ordinary Dirac theory.
The internal attributes of fundamental fermions should be fixed independently of the inertial
frame of reference in which observations are made. This means that the generators specifying
their internal attributes must be commutative with the elements of the external algebra AΣ for
the Lorentz transformations. Accordingly, we are led naturally to postulate that the algebra for
internal symmetry should be related to the centralizer of AΣ defined by
CΣ = C(AΣ : AT ) = {X ∈ AT : [X, Σµν ] = 0}. (26)
The primitive triplet of the centralizer CΣ is proved to consist of either an even number or
an odd number of component γµ-matrix for all µ [3]. Consequently, the composition of the
centralizer CΣ is determined as follows:
CΣ = 〈 1⊗ γµ ⊗ γµ, γµ ⊗ 1⊗ γµ, γ5 ⊗ γ5 ⊗ γ5 〉. (27)
It is now recognized that the triplet algebra has another non-intersecting decomposition
AΣ∪CΣ = AT . We have to examine detailed structures of CΣ, which is identified with internal
algebra, and to inquire what sorts of internal attributes of the fundamental fermions can be
inscribed on the triplet field Ψ(x) forming the multiple spinor representation of the Lorentz
group. The subalgebras of the triplet algebra AT defined so far, AΓ, AΣ, CΓ and CΣ, obey the
inclusion relations
AΣ ⊂ AΓ ⊂ AT : CΓ ⊂ CΣ ⊂ AT . (28)
Connectedly, the element Γ5 belongs to the subalgebras AΓ and CΣ as follows:
Γ5 /∈ AΣ, Γ5 ∈ AΓ : Γ5 /∈ CΓ, Γ5 ∈ CΣ. (29)
4. Subdivision of chirality operators and repetitional modes of family structure
Equation (29) shows that the chirality operators
L =
1
2
(I − Γ5), R =
1
2
(I + Γ5) (30)
belong to both of the subalgebras AΓ and CΣ. It is straightforward to verify that these operators
have the following subdivisions in the internal algebra CΣ as
L = ℓ⊗ r ⊗ r + r ⊗ ℓ⊗ r + r ⊗ r ⊗ ℓ+ ℓ⊗ ℓ⊗ ℓ (31)
and
R = r ⊗ ℓ⊗ ℓ+ ℓ⊗ r ⊗ ℓ+ ℓ⊗ ℓ⊗ r + r ⊗ r ⊗ r (32)
where
ℓ =
1
2
(1− γ5), r =
1
2
(1 + γ5). (33)
Note that this subdivision cannot be realized in the algebra AΓ.
To give independent physical roles and meanings to those subdivided terms in (31) and (32),
let us introduce the following operators in CΣ as

Π1L = ℓ⊗ r ⊗ r, Π1R = r ⊗ ℓ⊗ ℓ,
Π2L = r ⊗ ℓ⊗ r, Π2R = ℓ⊗ r ⊗ ℓ,
Π3L = r ⊗ r ⊗ ℓ, Π3R = ℓ⊗ ℓ⊗ r,
Π4L = ℓ⊗ ℓ⊗ ℓ, Π4R = r ⊗ r ⊗ r,
(34)
which are chiral projection operators obeying the relations
ΠihΠjh′ = δijδhh′Πih,
∑
ih
Πih = I (35)
for i, j = 1, 2, 3, 4 and h, h′ = L, R. Next, we define the non-chiral projection operators
Πi = ΠiL +ΠiR (36)
satisfying the relations
ΠiΠj = δijΠi,
∑
i
Πi = I. (37)
All of these operators form the subalgebra {Πih} = 〈 γ5 ⊗ 1⊗ 1, 1⊗ γ5 ⊗ 1, 1⊗ 1⊗ γ5 〉 of the
internal algebra CΣ.
Here, we make interpretation that the projected modes of triplet field given by
ΨiL(x) = LΠiΨ(x) = ΠiLΨ(x), ΨiR(x) = RΠiΨ(x) = ΠiRΨ(x) (38)
and
Ψi(x) = ΠiΨ(x) = ΨiL(x) + ΨiR(x) (39)
represent the repetitional family structures of quarks and leptons. To apply this scheme to
the three generations of quarks and leptons observed in the low energy regime, we impose the
constraint condition, a posteriori,
Π4Ψ(x) = 0 (40)
on the triplet field to suppress the fourth mode. Henceforth, we describe this three generation
model in the present paper. Note, however, that it is possible also to describe the model including
the fourth mode whose existence could be confirmed in sufficiently high energy regime.
5. Ordinary and extended color symmetries
In the previous section, one aspect of the internal algebra CΣ was clarified by examining its
subalgebra {Πih}. Consequently, it is necessary and reasonable to investigate the structure of
the centralizer C( {Πih} : CΣ ) of {Πih} in CΣ. For its purpose, let us notice that the Dirac
algebra Aγ has the three elements
ρ1 = iγ2γ3, ρ2 = iγ3γ1, ρ3 = iγ1γ2 (41)
which satisfy the multiplication rules of the Pauli algebra, i.e., ρaρb = δabI+ iǫabcρc. Taking the
triple-direct-products of these elements, we are able to construct the bases for a 16 dimensional
submanifold included exclusively in the centralizer C( {Πih} : CΣ ) as follows:

λ1 =
1
2 (ρ1 ⊗ ρ1 ⊗ 1 + ρ2 ⊗ ρ2 ⊗ 1) , λ2 =
1
2 (ρ1 ⊗ ρ2 ⊗ ρ3 − ρ2 ⊗ ρ1 ⊗ ρ3) ,
λ3 =
1
2 (1⊗ ρ3 ⊗ ρ3 − ρ3 ⊗ 1⊗ ρ3) ,
λ4 =
1
2 (ρ1 ⊗ 1⊗ ρ1 + ρ2 ⊗ 1⊗ ρ2) , λ5 =
1
2 (ρ1 ⊗ ρ3 ⊗ ρ2 − ρ2 ⊗ ρ3 ⊗ ρ1) ,
λ6 =
1
2 (1⊗ ρ1 ⊗ ρ1 + 1⊗ ρ2 ⊗ ρ2) , λ7 =
1
2 (ρ3 ⊗ ρ1 ⊗ ρ2 − ρ3 ⊗ ρ2 ⊗ ρ1) ,
λ8 =
1
2
√
3
(1⊗ ρ3 ⊗ ρ3 + ρ3 ⊗ 1⊗ ρ3 − 2ρ3 ⊗ ρ3 ⊗ 1) ,
λ9 =
1
2 (1⊗ ρ1 ⊗ ρ1 − 1⊗ ρ2 ⊗ ρ2) , λ10 = −
1
2 (ρ3 ⊗ ρ1 ⊗ ρ2 + ρ3 ⊗ ρ2 ⊗ ρ1) ,
λ11 =
1
2 (ρ1 ⊗ 1⊗ ρ1 − ρ2 ⊗ 1⊗ ρ2) , λ12 = −
1
2 (ρ1 ⊗ ρ3 ⊗ ρ2 + ρ2 ⊗ ρ3 ⊗ ρ1) ,
λ13 =
1
2 (ρ1 ⊗ ρ1 ⊗ 1− ρ2 ⊗ ρ2 ⊗ 1) , λ14 =
1
2 (ρ1 ⊗ ρ2 ⊗ ρ3 + ρ2 ⊗ ρ1 ⊗ ρ3) ,
λ15 = −
1√
6
(1⊗ ρ3 ⊗ ρ3 + ρ3 ⊗ 1⊗ ρ3 + ρ3 ⊗ ρ3 ⊗ 1) .
(42)
The 15 operators λj (j = 1, 2, · · · , 15) satisfy the commutation relations
[λj, λk] = 2fjklλl (43)
and the anticommutation relations
{λj, λk} = δjkI + 2djklλl (44)
of the Lie algebra A3, where fjkl and djkl are the symmetric and antisymmetric constants
characterizing the algebra. The operators λj are self-adjoint and have the traces
Trλj = 0, Trλjλk = 32δjk. (45)
We postulate, here, that the Lie group generated by the algebra
Ac4 = {I, λ1, λ2, · · · , λ15} (46)
describes an extended color SUc(4) symmetry. Evidently, this is one realization of the Pati-Salam
symmetry in which the leptons are interpreted as the 4-th lilac color mode.
The projection operators to the quark and lepton sectors are constructed, respectively, by
Λ(q) =
1
4
(3I −⊗ρ3 ⊗ ρ3 − ρ3 ⊗ 1⊗ ρ3 − ρ3 ⊗ ρ3 ⊗ 1) (47)
and
Λ(ℓ) =
1
4
(I +⊗ρ3 ⊗ ρ3 + ρ3 ⊗ 1⊗ ρ3 + ρ3 ⊗ ρ3 ⊗ 1) ≡ Λℓ (48)
which are subject to the relations
Λ(a)Λ(b) = δabΛ
(a) (49)
for a, b = q, ℓ. Accordingly, the operator for baryon number minus lepton number takes the form
B − L =
1
3
Λ(q) − Λ(ℓ) = −
1
3
(1⊗ ρ3 ⊗ ρ3 + ρ3 ⊗ 1⊗ ρ3 + ρ3 ⊗ ρ3 ⊗ 1) =
√
2
3
λ15. (50)
It is straightforward to verify that the operator Λ(q) has the subdivision as
Λ(q) = Λr + Λy + Λg (51)
where 

Λr =
1
4 (I +⊗ρ3 ⊗ ρ3 − ρ3 ⊗ 1⊗ ρ3 − ρ3 ⊗ ρ3 ⊗ 1) ,
Λy =
1
4 (I −⊗ρ3 ⊗ ρ3 + ρ3 ⊗ 1⊗ ρ3 − ρ3 ⊗ ρ3 ⊗ 1) ,
Λg =
1
4 (I −⊗ρ3 ⊗ ρ3 − ρ3 ⊗ 1⊗ ρ3 + ρ3 ⊗ ρ3 ⊗ 1)
(52)
are the projection operators into tricolor quark modes. The operators Λa satisfy the relations
ΛaΛb = δabΛa,
∑
a
Λa = I (53)
for a, b = r, y, g, ℓ.
The extended color symmetry SUc(4) is presumed to be broken spontaneously at an
appropriate energy scale down to the symmetry of semi-simple group SUc(3)⊗UB−L(1). To
see how SUc(3) is embedded in SUc(4), it is necessary to note the following property of the
constant djkl of SU(4) group as djkl =
1√
6
δk15 for j ≤ 8, and the relation between λ15 and Λ
(q)
in (50). For the eight operators λj (j = 1, 2, · · · , 8), we obtain the commutation relations in
(43) with the structure constants fjkl of the SU(3) group and anticommutation relations
{λj, λk} =
4
3
δjkΛ
(q) + 2djklλl. (54)
Note that the projection operator Λ(q) appears in the right hand side of this relation. Without
it, this relation runs into contradiction, when applied to the operator Λ(ℓ) from the right. The
identities
Λ(a)λj = δaqλj (55)
which hold for a = q, ℓ and j = 1, 2, · · · , 8 imply that λj(≤ 8) are simultaneous eigenvectors of
Λ(q) and Λ(ℓ) with respective eigenvalues 1 and 0, and that the operators λj(≤ 8) annihilate the
leptonic mode. These results prove that the 9 dimensional submanifold of the extended color
algebra Ac4 defined by
Ac3 = {I, λ1, λ2, · · · , λ8} (56)
generates the color SUc(3) group. The UB−L(1) group is generated by the operator B−L given
in (50).
From the triplet spinor field Ψ(x), the quark and lepton fields are projected out by
Ψ(a)(x) = Λ(a)Ψ(x), (57)
respectively, for a = q, ℓ, and four color modes of SUc(4) symmetry are given by
Ψa(x) = ΛaΨ(x) (58)
for a = r, y, g, ℓ.
6. Standard model in the triplet field formalism
To separate the component fields of internal modes of the triplet field, it is convenient to
introduce the braket symbols for the projection operators Λa and Πih by
Λa =| a〉〈a |, Πih =| i h〉〈i h | . (59)
Then, the decomposition of the bilinear scalar and vector forms of the triplet fields can be
achieved as follows:
Ψ¯(x)Ψ(x) =
∑
a
∑
ih
Ψ¯(x)ΛaΠihΨ(x) =
∑
a
∑
ih
Ψ¯aih¯(x)Ψaih(x) (60)
and
Ψ¯(x)ΓµΨ(x) =
∑
a
∑
ih
Ψ¯(x)ΓµΛaΠihΨ(x) =
∑
a
∑
ih
Ψ¯aih(x)ΓµΨaih(x) (61)
where h¯ implies that L¯ = R and R¯ = L. The chiral component fields Ψaih(x) and Ψ¯aih(x) are
defined by
ΛaΠihΨ(x) = |aih〉〈aih|Ψ(x)〉 = |aih〉Ψaih(x) (62)
and
Ψ¯(x)ΛaΠih = 〈Ψ¯(x)|aih〉〈aih| = Ψ¯aih¯(x)〈aih|. (63)
We have extracted maximally 42 component spinor fields with spin 12 , Ψai =
∑
hΨaih, from the
original triplet spinor field Ψ(x).
In the present formalism, the triplet field has no degrees of freedom for the Weinberg-Salam
symmetry SUL(2)⊗UY (1). Therefore, to describe the actual system of quarks and leptons in
this algebraic scheme, it is required to prepare a set of triplet fields to make up for the deficit
degrees of freedom for electroweak interaction.
Here we incorporate the Weinberg-Salam symmetry into our formalism by introducing the
set of chiral triplet fields so that the left-handed triplets constitute the doublet
ΨL(x) =
(
Ψ(↑)(x)
Ψ(↓)(x)
)
L
(64)
and the right-handed triplets form the singlets
Ψ
(↑)
R (x), Ψ
(↓)
R (x) (65)
of the electroweak isospin, where (↑) and (↓) signify the up and down states. The quark
and lepton parts of the electroweak doublet ΨL(x) have the component modes expressed
schematically as
Ψ
(q)
L (x) = Λ
(q)ΨL(x) =
(
Λ(q)ΛaΠiLΨ
(↑)
Λ(q)ΛaΠiLΨ
(↓)
)
L
=
(
ua ca ta
da sa ba
)
L
(66)
and
Ψ
(ℓ)
L (x) = Λ
(ℓ)ΨL(x) =
(
Λ(ℓ)ΠiLΨ
(↑)
Λ(ℓ)ΠiLΨ
(↓)
)
L
=
(
νe νµ νµ
e µ τ
)
L
. (67)
Similarly, the electroweak singlets Ψ
(↑)
R (x) and Ψ
(↓)
R (x) possess the quark and lepton parts with
contents of the component modes as follows:
Ψ
(u)
R (x) = Λ
(q)Ψ
(↑)
R (x) =
(
Λ(q)ΛaΠiRΨ
(↑)
R
)
=
(
ua ca ta
)
R
, (68)
Ψ
(d)
R (x) = Λ
(q)Ψ
(↓)
R (x) =
(
Λ(q)ΛaΠiRΨ
(↓)
R
)
=
(
da sa ba
)
R
, (69)
Ψ
(ν)
R (x) = Λ
(ℓ)Ψ
(↑)
R (x) =
(
Λ(ℓ)ΠiRΨ
(↑)
R
)
=
(
νe νµ ντ
)
R
, (70)
and
Ψ
(e)
R (x) = Λ
(ℓ)Ψ
(↓)
R (x) =
(
Λ(ℓ)ΠiRΨ
(↓)
R
)
=
(
e µ τ
)
R
. (71)
The chiral triplets in (64) and (65) enable us to express the Lagrangian density of the kinetic
part including the gauge interactions of quarks and leptons in the generic form
Lkg = Ψ¯L(x)Γ
µDµΨL(x) + Ψ¯
(↑)
R (x)Γ
µDµΨ
(↑)
R (x) + Ψ¯
(↓)
R (x)Γ
µDµΨ
(↓)
R (x) (72)
with the covariant derivatives Dµ. In the low energy regime where the standard model can be
applied, the covariant derivatives act on the triplet fields as follows:
DµΨL(x) =
(
∂µ − gA
a
µ(x)
1
2
τa − g
′Bµ(x)
1
2
(B − L)− gcA
a
cµ(x)
1
2
λa
)
ΨL(x), (73)
DµΨ
(↑)
R (x) =
(
∂µ − g
′Bµ(x)
1
2
(B − L+ 1)− gcA
a
cµ(x)
1
2
λa
)
Ψ
(↑)
R (x) (74)
and
DµΨ
(↓)
R (x) =
(
∂µ − g
′Bµ(x)
1
2
(B − L− 1)− gcA
a
cµ(x)
1
2
λa
)
Ψ
(↓)
R (x) (75)
where Aaµ(x) and Bµ(x) are the gauge fields which interact, respectively, to the electroweak
isospin 12τa of SUL(2) and the hypercharge of UY (1), and A
a
cµ(x) is the gauge field of color
symmetry. This density Lkg is readily proved to reproduce the gauge interactions of the standard
model with right-handed neutrino species.
In the present scheme, the chiral triplet fields include the repetitional degrees of freedom for
family structure. This feature enables us to formulate the Yukawa interactions in an intrinsic
mechanism without bringing in so many unknown parameters from outside. In terms of chiral
triplet fields, the Lagrangian density of the Yukawa interactions can be expressed to be
LY = guΨ¯
(q)
L (x)Yuφ˜(x)Ψ
(u)
R (x) + gdΨ¯
(q)
L (x)Ydφ(x)Ψ
(d)
R (x)
+ gνΨ¯
(ℓ)
L (x)Yν φ˜(x)Ψ
(ν)
R (x) + geΨ¯
(ℓ)
L (x)Yeφ(x)Ψ
(e)
R (x) + h.c.
(76)
where
φ(x) =
(
φ+
φ0
)
, φ˜(x) =
(
φ0∗
−φ−
)
(77)
are the Higgs field and its conjugate of the standard model, and the kernel operator Ya (a =
u, d, ν, e) works to induce mixings among repetitional modes. To be commutative with the
generators of color symmetry, the operator must be composed of triple-direct-products of the
Dirac matrices γ0 and γ5. To frame its generic construction, we impose the conditions that it
is self-adjoint and it brings forth the quasi-democratic mass matrices in the low energy regime.
As a natural candidate for Ya, we adopt
Ya =
1
2
{
I + ya1
(
1⊗ γ0e
iθa2γ5 ⊗ γ0e
iθa3γ5
)
+ ya2
(
γ0e
iθa1γ5 ⊗ 1⊗ γ0e
iθa3γ5
)
+ ya3
(
γ0e
iθa1γ5 ⊗ γ0e
iθa2γ5 ⊗ 1
)} (78)
with real parameters yai and θai (a = u, d, ν, e; i = 1, 2, 3).
The quark part of the Lagrangian density in (76) is readily decomposed into the Yukawa
interactions among component quark fields as∑
a
gaΨ¯
(q)
L YaφΨ
(a)
R =
∑
a
ga
∑
ij
Ψ¯
(q)
L ΠiRYaΠjRφΨ
(a)
R =
∑
aij
Ψ¯
(q)
iL [ga〈iR | Ya | jR〉]φΨ
(a)
jR . (79)
This result and the similar decomposition of the lepton part lead us to the interpretation that
the quantities
ga〈iR|Ya|jR〉 (80)
are the Yukawa coupling constants of the a sector (a = u, d, ν, e).
In the low energy regime where the Higgs field takes the vacuum expectation value 〈φ〉 and,
consequently, the Weinberg-Salam symmetry is broken, the Yukawa interaction with the kernel
in (78) results in the Dirac mass matrices
Ma = (ga〈φ〉 (〈iR | Ya | jR〉)) = ma

 1 αa3e
iϑa3 αa2e
−iϑa2
αa3e
−iϑa3 1 αa1eiϑa1
αa2e
iϑa2 αa1e
−iϑa1 1

 (81)
where ma =
1
2ga〈φ〉, αai = yai|〈ℓ|γ0|r〉|
2 and ϑa1 = θa2−θa3 (cyclic). This type of the Hermitian
quasi-democratic matrices are recognized to explain the hierarchical structures of mass spectra
and the weak mixing matrix for the quark sector [4, 5].
7. Discussion
In this way, we have formulated an algebraic theory for unified description of external and
internal symmetries of quarks and leptons. The basic ingredients of the theory are the triplet
algebra consisting of all the triple-direct-products of the Dirac matrices and the triplet field
forming the multiple spinor representation of the Lorentz group. The triplet field has the 43
component fields which afford the freedom for the repetitional family structure as well as the
external spacetime symmetry and the internal color symmetry.
By postulating the triplet fields of the electroweak doublet and singlets to exist, the standard
model with three generations is successfully reproduced so that the Yukawa interactions are
formulated, without bringing in many unknown coupling constants from outside, and the Dirac
mass matrices with quasi-democratic structure are naturally derived.
The present formalism is flexible enough to be applicable to various field theories suitable
for descriptions for different energy scales. Removing of the constraint in (40) enables us
formulate the four generation theory of quarks and leptons and introduction of the right-handed
electroweak doublet in place of the singlets in (65) allows us to obtain the gauge theory of
left-right symmetry. Further, we can bring in the gauge symmetry for repetitional family
modes. Note that the three Dirac matrices ρ′1 = γ0, ρ
′
2 = iγ0γ5 and ρ
′
3 = γ5 generate
the Pauli algebra. Taking the triple-direct-products of these elements just as in (42), we
can construct the 16 dimensional submanifold which generates the SU(4) group for family
symmetry. Therefore, it is possible to formulate the gauge field theory with the symmetry
SUc(4)⊗SUL(2)⊗SUR(2)⊗SUfamily(4) in the triplet field formalism.
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